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A s  i s  well known, the  mestion of plasma flow i n  a given 

magnetic f i e l d  may be invest igated t o  a c e r t a i n  approximation with 

the  he lp  of f ind ing  i t s  l i n e s  of force. This explains the  i n t e r e s t  

cu r ren t ly  aroused by the  problem of finding the  l i n e s  of force  of 

m e c i f i c  type-magnetic f i e l d s .  

*om cne maiherrmtical i&wpoi;t we a r e  co;?,'r;nted here  w L th  

the  necessi ty  of inaes t iga t ing  a system of three standard d i f f e r e n t i a l  

erruations possessing an invar ian t  measure. I n  s p i t e  of e f f o r t s  on a 

number of mathematicians, t h e  invest i -  

gat ion of such types of systems did 

not l e a d  so fa r  t o  a somewhat s a t i s -  

f ac to ry  answer i n  the  general  case t o  

t he  auest ion of t r a j ec to ry  b3havior f o r  systems of t h a t  c lass .  

one case e x i s t s  when a sa t i s f ac to ry  answer can be provided, and t h a t  i f  

t h e  case of f i e l d s  possessing a ce r t a in  symnetry ( i n  the  sense of exis- 

tence of a uni-parametric group of invariant  transformations) 

7. 
Fig, 1 

Only 



2. 

In  t h a t  case,  the examined system of d i f f e r e n t i a l  eauations has a 

f i rs t  in t eg ra l ,  thanks t o  which the i n i t i a l  problem i s  reduced t o  

t h e  simpler problem of d ispos i t ion  of t r aSec to r i e s  i n  a two-dimen- 

s iona l  surface. The continous attempts by D. D. Birkhof t o  obtain an 

analogus r e s u l t  i n  t h e  general  case were unsuccessful, and a s  was 

shown by Siege1 i n  1954 El], they could not have l e d  t o  any other  

r e s u l t .  

The disposi ton of t h e  l i n e s  of force  of near-symmetric magne- 

t i c  f i e l d s  have l a t e l y  been invest igated i n  a s e r i e s  of papers by A . I .  

Morozov, L. S. Solov'yev and others  c2-63 . Making use of t he  avera- 

ging method, the  above-named authors  subs t i tu ted  t h e  exact eauations 

of l i n e s  of force by simpler, approximate eauations which they inves t i -  

gated. As a r e s u l t ,  they found t h a t  there a r e  i n  the approximate eaua- 

t i o n s  r eg ions  with d i f f e ren t  l i n e  of force behavior, and they found the 

boundaries dividing these regions. 

However, a s  I r e m t l y  have shown [ 7 ] ,  t h e  apnl ica t ion  of t he  

averaging method t o  f inding the boundary separat ing regions with diffe- 

r en t  l i n e  of force behavior, leads general ly  speaking t o  a a u a l i t a t i v e l y  

i r x o r r e c t  r e s u l t .  I n  r e a l i t y ,  the boundary separat ing regions with d i f -  

f e r e n t  l i n e  of force behavior, has a much more complex form than it 

would appear from averaged equations f o r  which such boundary d ispos i t ion  

i s  general ly  impossible. Forestal l ing,  I s h a l l  note t h a t  such an unusual 

boundary d ispos i t ion ,  separating regions with d i f f e r e n t  l i n e  of force 

behavior i s  one of the causes of appearnnce i n  the  plasma of protuberan- 

ces,  leading t o  plasma i n s t s i t y ,  as i s  w e l l  known. 
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3. 

To i l l u s t r a t e  the  above-said, l e t  us consider an i r r o t a t i o n a l  

magnetic f i e l d  designated by t h e  scalar p o t e n t i a l  

where Ho i s  a constant,  and func t ionY(x ,  y, z )  s a t i s f i e s  t h e  Laplace 

eauation, per iodic  along z with a period 2rC and r$(x ,  y, z)dz = 0. 
0 

The l i n e  of fo rce  eauations f o r  t h a t  f i e l d  are 

Fig. 2 

which with the help of a conveniently se lec ted  subs t i t u t ion  may me 

transformed i n t o  the  form 

du 1 '  

dv 1 1 1 -- - - - F: (u ,  u )  + -g  (u,  v ,  z K )  , 
d? H: 

while funct ions f (u ,  v, z, z) 1 and g ( u ,  v, 2, x) 1 a r e  per iodica l  along z 

with a period 2n. 



4. 

The funct ion (x, y, z) ,  encoutered e a r l i e r ,  i s  obtained from 

(x, y, z )  i n  t he  following manner: Let' us assume 

then 

L e t  u s  now assume 

9 ( x ,  y, z) = sin o x  sh hy sin zb COS o x  ch hy cos z, 

where 

t h e  d ispos i t ion  of the system's t r a j e c t o r i e s  

h2 = o2 + 1;1 then F (u ,  v) = ohx(sh2 Av$- sin2wu) and conseauently 

w i l l  have the form represented i n  Fig.  l*. 

On t h e  other hand, following the ideas  expounded i n  reference [8J 

one may determine f o r  t h e  system (lj a c e r t a i n  anaiugue of tne sepa ra t r ix  

playing f o r  the type (1) systems the  swle r o l e  as the  usua l  separa t r ix  
- 

for a system of autonomous d i f f e r e n t i a l  equations. 

Taking advantage of t h e  remark i n  [ 7 ] ,  one may show t h a t  i n  order 

t h a t  t h e  d ispos i t ion  of cross sect ions of t h a t  Eeparatrix '  analogue by 

the  plane z = zo qua l i t a t ive ly  coincide with the  representat ion i n  F i g . l  

it i s  necessary t h a t  the  functions f ( u ,  u, 2, -) 1 and g (u ,  v ,  z , - ~ )  1 Ho 

s a t i s f y  a ce r t a in  i n f i n i t e  number of func t iona l  conditions.  

*) Let us note, by the way, t h a t  contrary t o  authors '  asser t ions ,  
t he  t r a j ec to ry  d ispos i t ion  of t h e  system ( 2 )  for the  po ten t i a l  

proposed i n  reference [5] w i l l  have a shape having l i t t l e  i n  common with 
t h a t  represented i n  Fig. 1. 

$(x, y, z)\ = a1 chqly sin (kz - PIX) + nshqzy sin (kz - 6-4 
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A d i r e c t  cocLputation shows t h a t  i n  the  considered example we cannot even 

s a t i s f y  t h e  f irst  of these conditions, generally speaking. The consewen- 

ce i s  t h a t  the cross  sec t ion  of system's (1) sepa ra t r ix  by the  plane 

z = zo w i l l  have the form indicated i n  Fig. 2. The s o l i d  l i n e  ind ica t e s  

t he  cross  sec t ion  of system's (1) separatr ix ,  t h e  dot ted l i n e -  the  

c ros s  sec t ion  of the sepa ra t r ix  of t h e  sytem obtained from (1) by sub- 

s t i t u t i n g  z by -2. The arrows indicate  i n  what d i r ec t ion  t h e  cross sec- 

t i o n  poin ts  a re  displaced a t  Az =2n & i f t  along z. Hence it follows, 

t h a t  p a r t  of t h e  so lu t ions  t h a t  come out of the  shaded region of Fig.2 

a t  z zo, w i l l  leave t h a t  region w i t h  t he  increase of z, while among 

so lu t ions ,  leaving t h i s  region, there  are some which w i l l  remain i n  it 

any length o f  t ime. 

It i s  easy t o  see t h a t  t he  share of so lu t ions  leaving the  shaded 

region of Fig. 2 ,  w i l l  depend on t h e  value o f  the cu t  AB. It may be shown 
2 

t h a t  f o r  Ho ---+W, t n e t  value w i l l  tend to zere as e - a h  , ,,?,, hL*eTe a > 3, 

and consequently the value of  t h e  cu t  AB w i l l  be r a the r  small a t  compa- 

r a t i v e l y  small values  H,. 

y(x, y, z )  t o  obtain i n  pr inc ip le  t h a t  f o r  Ho -+ 00 t he  value of AB 

approach zero, f o r  example, as  e - Y H o ,  where Y > O .  

It is  possible, by appropriately se lec t ing  

4 

It must be noted t h a t  such opt imist ic  s i t u a t i o n  a s  t h a t  considered 

i n  our example, w i l l  by f a r  not always take place.  Let us consider f o r  

example the  d ispos i t ion  of the  l i n e s  of force of a three-threaded h e l i c a l  

f i e l d ,  perturbed by a c( rrugated f i e l d  661. This f i e l d  may be given by 

the  following sca la r  po ten t i a l  : 



6 .  
, 

(r ,  cp, z) = H,z + + h 1, (3ar)'sin 3 (cp - az) +iT!Io r h o  (kar) sin kat, 

where I (r) and I (r) are Bessel funct ions of t he  zero and t h i r d  

order from an imaginary argument. The l i n e s  of force f o r  t h a t  f i e l d  
0 3 

may be wr i t t en  i n  t h e  following form: 

where 0 = cp - az.' A t  ho = 0, the  system ( 3 )  has the f i rs t  i n t e g r a l  

according t o  which the d ispos i t ion  of the  

a t  ho = 0 has the  form indicated i n  Fig. 

Fig. 3 

t ra , :ec tor ies  of the  system (3) 

3 .  

On the  other hand, using the Rig. 4 

results of t he  note C9], it i s  easy t o  e s t ab l i sh  t h a t  the cross  sect ion 
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of system's ( 3 )  sepa ra t r ix  by the  plane z = zo has the  shape indicated 

i n  Fig. 4, while f o r  ho /Ho c 0,  

zero a s  the f i rs t  power of the a n a t i t y  ho /Ho (it i s  assumed here t h a t  

the  r a t i o  h3/ Ho i s  f ixed ) .  

the value of t he  cut  CD w i l l  approach 

A s  i n  the preceding example, there a re  among so lu t ions  coming out 

of t h e  shaded region of Fig.4, some that  w i l l  remain in s ide  it a s  long a s  

may be d i s i r ed .  That i s  why any attempt t o  f i n d  the boundary separat ing 

t h e  so lu t ion  of the system ( 3 ) ,  remgining a long time i n  t h e  shaded region 

of F ig .4 ,  from the solut ions coming out of it with the  help of numerical 

i n t eg ra t ion  of t he  systen ( 3 )  over a small i n t e r v a l  of z var i a t ion ,  can 

hardly be expected t o  provide a sa t i s fac tory  r e s u l t ,  f o r  it i s  f a r  from 

c l e a r  whether o r  not i f  only a l l  the  solutions of  system (3) coming out 

of t h e  lobe regions w i l l  remain i n  the named region [s, 6). 

It must be noted 5hat basing ourselves on the  r e s u l t s  of t he  

remark @], we may construct examples of po ten t ia l s ,  s imi la r  t o  the  

above-considered one, f o r  which t h e  value of t h e  c u t  CD will have any 

assigned i n  advance order r e l a t i v e  t o  the  per turbat ion parameter. 

The se l ec t ion  of such f i e l d s  f o r  plasma re t en t ion  may s ign i f i can t ly  

increase t h e  l i f e t i m e  of plasma. 

I n  conclusion I a v a i l  myself of t h i s  opportunity t o  express my 

g r a t i t u d e  t o  C. V. Fomin f o r  h i s  i n t e r e s t  i n  t he  present  work. 

United I n s t i t u t e  of 
Nuclear Invest  i g  a t  ions  

c 

Entered on 
1 7  February 1962. 
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